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Families of sequences with good family complexity
and cross-correlation measure
Og˘uz Yayla
Abstract
In this paper we study pseudorandomness of a family of sequences in terms of two measures, the family complexity
(f -complexity) and the cross-correlation measure of order ℓ. We consider sequences not only on binary alphabet
but also on k-symbols (k-ary) alphabet. We first generalize some known methods on construction of the family
of binary pseudorandom sequences. We prove a bound on the f -complexity of a large family of binary sequences
of Legendre-symbols of certain irreducible polynomials. We show that this family as well as its dual family have
both a large family complexity and a small cross-correlation measure up to a rather large order. Next, we present
another family of binary sequences having high f -complexity and low cross-correlation measure. Then we extend
the results to the family of sequences on k-symbols alphabet.
Index Terms
pseudorandomness, binary sequences, family complexity, cross-correlation measure, Legendre sequence, polyno-
mials over finite fields, k-symbols sequences.
I. INTRODUCTION
Pseudorandom sequence is a sequence of numbers generated deterministically and looks random. It
is called binary (k-ary or k-symbol) sequence if its elements are in {-1,+1} (resp. {a1, a2, . . . , ak} for
some numbers ai). Pseudorandom sequences have a lot of application areas such as telecommunication,
cryptography, simulation see for example [7], [11], [33], [38]. According to its application area, the quality
of a pseudorandom sequence is evaluated in many directions. There are statistical test packages (for
example L’Ecuyer’s TESTU01 [18], Marsaglia’s Diehard [23] or the NIST battery [34]) for evaluating
the quality of a pseudorandom sequence. In addition to that, there are proven theoretical results on
some randomness measures that a pseudorandom sequence needs to satisfy. For instance, linear complex-
ity, (auto)correlation, discrepancy, well-distribution and others, see [15], [38] and references therein. In
some cases one needs many pseudorandom binary sequences, for instance in cryptographic applications.
Therefore, their randomness has to be proven by several figures of merit, e.g. family complexity, cross-
correlation, collision, distance minimum, avalanche effect and others, see [36] and references therein. The
typical values of some randomness measures of a truly random sequnece are proven in [3], [4], [31].
Sequences satisfying typical values are so called good sequences.
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2After Mauduit and Sárközy [25] introduced a construction method of good binary sequences by using
Legendre symbol, other construction methods have been given in the literature [5], [6], [20]. In 2004,
Goubin, Mauduit and Sárközy [13] first constructed large families of pseudorandom binary sequences.
Later, many new constructions [9], [14], [19], [24], [28], [29] and their complexity bounds [35], [32],
[30] were developed, see [36] for others.
These pseudorandom measures defined for binary sequences have been extended to sequences of k-
symbols [10], [26], [39] and some constructions of good k-symbols sequences were given in [2], [8],
[12], [21], [22].
In this paper we study two such measures the family complexity (in short f -complexity) and the
cross-correlation measure of order ℓ of families of binary and k-ary sequences.
Ahlswede et al. [1] introduced the f -complexity as follows.
Definition 1. The f -complexity C(F) of a family F of binary sequences EN ∈ {−1,+1}N of length N is
the greatest integer j ≥ 0 such that for any 1 ≤ i1 < i2 < · · · < ij ≤ N and any ǫ1, ǫ2, . . . , ǫj ∈ {−1,+1}
there is a sequence EN = {e1, e2, . . . , eN} ∈ F with
ei1 = ǫ1, ei2 = ǫ2, . . . , eij = ǫj.
We have the trivial upper bound
2C(F) ≤ |F|, (1)
where |F| denotes the size of the family F .
Gyarmati et al. [16] introduced the cross-correlation measure of order ℓ.
Definition 2. The cross-correlation measure of order ℓ of a family F of binary sequences Ei,N =
(ei,1, ei,2, . . . , ei,N) ∈ {−1 + 1}
N , i = 1, 2, . . . , F , is defined as
Φℓ(F) = max
M,D,I
∣∣∣∣∣
M∑
n=1
ei1,n+d1 · · · eiℓ,n+dℓ
∣∣∣∣∣ ,
where D denotes an ℓ tuple (d1, d2, . . . , dℓ) of integers such that 0 ≤ d1 ≤ d2 ≤ · · · ≤ dℓ < M + dℓ ≤ N
and di 6= dj if Ei,N = Ej,N for i 6= j, and I denotes an ℓ tuple (i1, i2, . . . , iℓ) ∈ {1, 2, . . . , F}ℓ.
We use the notation Φ◦ℓ for the cross correlation Φℓ evaluated for fixed M = F and di = 0 for all
i ∈ {1, 2, . . . , l}.
Winterhof and the author in [42] proved the estimation of the f -complexity C(F) of a family F of
binary sequences
Ei,N = (ei,1, ei,2, . . . , ei,N) ∈ {−1 + 1}
N , i = 1, . . . , F,
in terms of the cross-correlation measure Φℓ(F), ℓ ∈ {1, 2, . . . , log2 F} of the dual family F of binary
sequences
Ei,F = (e1,i, e2,i, . . . , eF,i) ∈ {−1 + 1}
F , i = 1, . . . , N
3as follows
C(F) ≥
⌈
log2 F − log2 max
1≤i≤log
2
F
Φi(F)
⌉
− 1. (2)
In Section II we generalize the construction of the family of binary pseudorandom sequences presented
in [42]. We prove a bound on the f -complexity of the family of binary sequences of Legendre-symbols
of irreducible polynomials fi(x) = xd + a2i2xd−2 + a3i3xd−3 + · · ·+ ad−2id−2x2 + adid defined as
F1 =
{(
fi(n)
p
)p−1
n=1
: i = 1, . . . , p− 1
}
.
We show that this family as well as its dual family have both a large family complexity and a small
cross-correlation measure up to a rather large order.
In Section III we study another family of binary sequences
F2 =
{(
fβ(n)
p
)p−1
n=1
: β ∈ Fpd\Fp and nonconjugate
}
for fβ(x) = (x − β)(x − βp) · · · (x − βp
d−1
). We prove that F2 has high f -complexity and low cross-
correlation measure by using (2). We note that the roots of an irreducible polynomial are called to be
conjugate to each other.
In Section IV we extend the relation (2) to the family of sequences on k-symbols alphabet. Finally, we
show in Section V that extension of the family F2 to k-symbols alphabet has also high f -complexity and
low cross-correlation measure.
Throughout the paper, the notations U ≪ V and U = O(V ) are equivalent to the statement that
|U | ≤ cV holds with some positive constant c. Moreover, the notation f(n) = o(1) is equivalent to
limn→∞ f(n) = 0.
II. A FAMILY AND ITS DUAL WITH BOUNDED CROSS-CORRELATION AND FAMILY COMPLEXITY
MEASURES
In this section we present an extension of the family of sequences given in [42], where a family of
sequences of Legendre symbols with irreducible quadratic polynomials and its dual family were given. It
was shown that both families have high family complexity and small cross-correlation measure up to a
large order ℓ. Namely, for p > 2 a prime and b a quadratic nonresidue modulo p they study the following
family F and its dual family F :
F =
{(
n2 − bi2
p
)(p−1)/2
i=1
: n = 1, . . . , (p− 1)/2
}
,
and they show
Φk(F)≪ kp
1/2 log p and Φk(F) ≪ kp
1/2 log p (3)
for each integer k = 1, 2, . . . Then (2) immediately implies
C(F) ≥
(
1
2
− o(1)
)
log p
log 2
and C(F) ≥
(
1
2
− o(1)
)
log p
log 2
.
4We now present an extension of this result to higher degree polynomials over prime finite fields. Note
that for these families we also get analog bounds for their duals.
Theorem 1. Let p > 2 be a prime and f(x) = Xd+a2X
d−2+a3X
d−3+ · · ·+ad−2X
2+ad with a2, a3 6≡ 0
mod p be an irreducible polynomial of degree d ≥ 5 over the finite field Fp. Let fi(X) = i
df(X/i) for
i ∈ {1, 2, . . . , p− 1}, and F be a family of binary sequences defined as
F =
{(
fi(n)
p
)p−1
n=1
: i = 1, . . . , p− 1
}
,
and F be the dual of F . Then we have
Φk(F) ≪ dkp
1/2 log p and Φk(F) ≪ dkp
1/2 log p
for each integer k ∈ {1, 2, . . . , p− 1} and
C(F) ≥
(
1
2
− o(1)
)
log(p/d2)
log 2
and C(F) ≥
(
1
2
− o(1)
)
log(p/d2)
log 2
Proof Since otherwise the result is trivial we may assume d < p1/2/2. We note that f(X, Y ) = fY (X) is
an homogeneous polynomial of degree d. Thus it is enough to choose an irreducible polynomial
f(X) = Xd + a2X
d−2 + a3X
d−3 + · · ·+ ad−2X
2 + ad ∈ Fp[X ]
such that a2, a3 6≡ 0 mod p. It is clear that each fi is irreducible for i ∈ {1, 2, . . . p− 1} whenever f(X)
is irreducible.
According to Definition 2 we need to estimate∣∣∣∣∣
M∑
n=1
(
fi1(n + d1)
p
)
· · ·
(
fik(n+ dk)
p
)∣∣∣∣∣ =
∣∣∣∣∣
M∑
n=1
(
fi1(n + d1) · · ·fik(n + dk)
p
)∣∣∣∣∣ .
We will first show that
h(X) := fi1(X + d1) · · ·fik(X + dk)
is a monic square-free polynomial and then apply Weil’s Theorem, see [17], [37], [41]. Since each
fij , j = 1, 2, . . . , k is an irreducible polynomial it is enough to show that they are distinct from each
other. Assume that fij (X + dj) = fiℓ(X + dℓ) for some j, ℓ = 1, 2, . . . , k. Then by comparing the
coefficients of the term Xd−1 we have dj = dℓ since p ∤ d. Hence we have the equality fij (X) = fiℓ(X).
But then by comparing the coefficients of the terms Xd−2 and Xd−3 we have
a2i
2
j = a2i
2
ℓ and a3i
3
j = a3i
3
ℓ .
Since a2 and a3 are non zero we have
i2j = i
2
ℓ and i
3
j = i
3
ℓ .
This implies that ij = iℓ, a contradiction. Therefore h is a square-free polynomial and the following holds
Φk(F)≪ dkp
1/2 log p.
5Similarly we can show that
Φk(F) ≪ dkp
1/2 log p
for k ∈ {1, 2, . . . , p− 1}. Next we use (2) to get
C(F) ≥
(
1
2
− o(1)
)
log(p/d2)
log 2
and C(F) ≥
(
1
2
− o(1)
)
log(p/d2)
log 2
.
Finally we show that each two sequences in F (resp. F ) are distinct. Assume that(
fi1(n)
p
)
=
(
fi2(n)
p
)
n = 1, 2, . . . , p− 1
for some i1, i2 ∈ {1, 2, . . . , p− 1}. Then we have∣∣∣∣∣
p−1∑
n=1
(
fi1(n)
p
)
·
(
fi2(n)
p
)∣∣∣∣∣ ≤ 1 + (2d− 1)p1/2 < p
since d < p1/2/2. Thus there exists at least one distinct value of the corresponding sequences and then
we are done. 
III. A LARGE FAMILY OF SEQUENCES WITH LOW CROSS CORRELATION AND HIGH FAMILY
COMPLEXITY
Now we construct a larger family with both small cross-correlation measure and high f -complexity.
However, for these families of sequences we cannot say anything about their duals. The bound on Φk(F)
is due to [16].
Theorem 2. Let p > 2 be prime numbers. Let Ω be the set defined as
Ω = {f(X) = Xd + a2X
d−2 + · · ·+ ad ∈ Fp[X ] : f is irreducible over Fp}.
Let a family F of binary sequences be defined as
F =
{(
f(n)
p
)p−1
n=1
: f ∈ Ω
}
.
Then we have
Φk(F)≪ kdp
1/2 log p (4)
for each integer k ∈ {1, 2, 3, . . . , p− 1} and
C(F) ≥ (
1
2
− o(1))
log pd/d2
log 2
. (5)
The family size equals only if 3 ≤ d < p1/2/2:
F =
pd−1
d
−O(p⌊d/2⌋).
6Proof The proof of (4) follows by Theorem 8.14 in [16]. It is clear by the Weil bound that each irreducible
polynomial generates a distinct sequence in F . Yucas [43] proved that number of irreducible polynomials
with trace zero equals
1
dp
∑
t|d
µ(t)pd/t
By doing some calculations we see that
1
dp
∑
t|d
µ(t)pd/t ≥
pd
dp
−
⌊d/2⌋∑
i=1
pi ≥
pd−1
d
−
3
2
p⌊d/2⌋.
Hence we have proved the size of family.
Next, we prove the bound on family complexity by using (2) with Φ◦k instead Φk. Because estimating
Φ◦k is easier in this case. In order to calculate Φ
◦
k(F) we need to estimate
V =
∣∣∣∣∣
∑
f∈Ω
(
f(i1)
p
)
· · ·
(
f(ik)
p
)∣∣∣∣∣ , 1 ≤ i1 < i2 < · · · < ik ≤ p− 1
(6)
Note that f(X) ∈ Ω if and only if f(X) = (X − β)(X − βp) · · · (X − βp
d−1
) for some β ∈ Fpd with
Tr(β) = 0 and β 6∈ Fpt for any t | d, t < d. Hence we rewrite V as
V =
1
d
∣∣∣∣∣∣∣∣∣∣∣∣
∑
β∈F
pd
F
pd
=Fp(β)
Tr(β)=0
(
(i1 − β)(i1 − β
p) · · · (i1 − β
pd−1)
p
)
· · ·
(
(ik − β)(ik − β
p) · · · (ik − β
pd−1)
p
)
∣∣∣∣∣∣∣∣∣∣∣∣
=
1
d
∣∣∣∣∣∣∣∣∣∣∣∣
∑
β∈F
pd
F
pd
=Fp(β)
Tr(β)=0
(
N(i1 − β)
p
)
· · ·
(
N(ik − β)
p
)
∣∣∣∣∣∣∣∣∣∣∣∣
,
where N is the norm function from Fpd to Fp. We note that χ(α) =
(
N(α)
p
)
is the quadratic character of
Fpd and the number of elements α ∈ Fpt, t | d and t < d but α 6∈ Fpd is at most∑
t|d,t<d
pt ≤
3
2
p⌊d/2⌋.
7Thus we can estimate V as follows:
V ≤
1
d
∣∣∣∣∣∣∣∣∣
∑
β∈F
pd
Tr(β)=0
(
χ((i1 − β) · · · (ik − β))
p
)
∣∣∣∣∣∣∣∣∣
+O(pd/2/d)
≤
1
dp
∣∣∣∣∣∣
∑
α∈F
pd
(
χ((i1 − α
p + α) · · · (ik − α
p + α))
p
)∣∣∣∣∣∣+O(pd/2/d)
≤ kpd/2/d+O(pd/2/d).
The last inequality follows by Weil’s Theorem [40]. Therefore by using (2) we have
C(F) ≥ log2
F
max1≤ℓ≤log
2
F Φ
◦
ℓ(F)
≥ log2
pd−1
d
−O(p⌊d/2⌋)
1
d
[log2(
pd−1
d
− O(p⌊d/2⌋))pd/2]
= (
1
2
− o(1))
log pd/d2
log 2

IV. SEQUENCES ON k-SYMBOLS ALPHABET
In [27] the correlation measure of a sequence consisting of symbols {a1, a2, . . . , ak} is defined. We
similarly extend the definition of cross-correlation measure for a family of sequences consisting of k-
symbols in the following.
Definition 3. The cross-correlation measure of order ℓ of a family F of sequences
Ei,N = (ei,1, ei,2, . . . , ei,N) ∈ {a1, a2, . . . , ak}
N , i = 1, 2, . . . , F , is defined as
γℓ(F) = max
W,M,D,I
∣∣∣∣g(F ,W,M,D, I)− Mkℓ
∣∣∣∣
for
g(F ,W,M,D, I) = |{n : 1 ≤ n ≤M, (ei1,n+d1, . . . , eiℓ,n+dℓ) = W}|
where W ∈ {a1, a2, . . . , ak}ℓ, D denotes an ℓ tuple (d1, d2, . . . , dℓ) of integers such that 0 ≤ d1 ≤
d2 ≤ · · · ≤ dℓ < M + dℓ ≤ N and di 6= dj if Ei,N = Ej,N for i 6= j, and I denotes an ℓ tuple
(i1, i2, . . . , iℓ) ∈ {1, 2, . . . , F}
ℓ.
Authors in [27] give an alternative definition of correlation of a sequences consisting of k-symbols.
Similarly one can easily define the alternative definition for cross-correlation of a sequences on k-symbols.
Let P denote the set of bijections between the set {a1, a2, . . . , ak} and the set of k-th roots of unity.
Definition 4. The cross-correlation measure of order ℓ of a family F of sequences
Ei,N = (ei,1, ei,2, . . . , ei,N) ∈ {a1, a2, . . . , ak}
N , i = 1, 2, . . . , F , can be alternatively defined as
Γℓ(F) = max
W,M,D,I
|G(F , φ,M,D, I)|
8for
G(F , φ,M,D, I) =
∣∣∣∣∣
M∑
n=1
φ1(ei1,n+d1) · · ·φℓ(eiℓ,n+dℓ)
∣∣∣∣∣
where φ = (φ1, . . . , φℓ) ∈ Pℓ, D denotes an ℓ tuple (d1, d2, . . . , dℓ) of integers such that 0 ≤ d1 ≤
d2 ≤ · · · ≤ dℓ < M + dℓ ≤ N and di 6= dj if Ei,N = Ej,N for i 6= j, and I denotes an ℓ tuple
(i1, i2, . . . , iℓ) ∈ {1, 2, . . . , F}
ℓ.
The definition of f -complexity C(F ) for a family F of binary sequences can be directly generalized
to a family of sequences consisting of k-symbols. Now we prove the following extension of (2).
Theorem 3. Let F be a family of sequences (ei,1, ei,2, . . . , ei,N) ∈ {a1, a2, . . . , ak}
N for i = 1, 2, . . . , F
and F its dual family of binary sequences (e1,n, e2,n, . . . , eF,n) ∈ {a1, a2, . . . , ak}
F for n = 1, 2, . . . , N .
Then we have
C(F) ≥
⌈
logk F − log2 max
1≤i≤logk F
γi(F)
⌉
− 1 (7)
and
C(F) ≥
⌈
logk F − log2 max
1≤i≤logk F
Γi(F)
⌉
− 1, (8)
where logk denotes the base k logarithm.
Proof Assume that for an integer j a specification
ek,n1 = b1, ek,n2 = b2, . . . , ek,nj = bj (9)
for B = (b1, b2, . . . , bj) ∈ {a1, a2, . . . , ak}j occurs in the family F for some k ∈ {1, 2, . . . , F}. Let A
denotes the number of sequences in F satisfying (9). By the definition of cross-correlation we have
γj(F) = max
W,M,D,I
∣∣∣∣g(F ,W,M,D, I)− Mkj
∣∣∣∣
≥
∣∣∣∣g(F , B, F, (0, 0, . . . , 0), (n1, . . . , nj))− Fkj
∣∣∣∣
≥
∣∣∣∣A− Fkj
∣∣∣∣
Hence, we obtain that
A ≥
F
kj
+ γj(F).
If j < logk F − logk γj(F) then there exists at least one sequence in F satisfying (9). Therefore for all
integers j ≥ 0 satisfying
j < log2 F − logk max
1≤ℓ≤logk F
γℓ(F)
we have A > 0 which completes the proof of (7). And, the proof of (8) is done similarly. 
9V. A LARGE FAMILY OF k-SYMBOLS SEQUENCES WITH LOW CROSS CORRELATION AND HIGH FAMILY
COMPLEXITY
In this section we extend the family of binary sequences that we have presented in Section III to the
k-symbols alphabet. We prove the following generalization of Theorem 2. Its proof is similar to proof of
Theorem 2, see also [25, Theorem 3].
Theorem 4. Let d and p > 2 be prime numbers and k be a positive integer such that
gcd(k,
pd − 1
p− 1
) = 1.
Let fβ be an irreducible polynomial of degree d over the finite field Fp as
fβ(x) = (x− β)(x− β
p) · · · (x− βp
d−1
)
for an element β ∈ Fpd . Let a family F of binary sequences be defined as
F =
{
(χ(fβ(n)))
p−1
n=1 : β ∈ Fpd\Fp and Tr(β) = 0
}
.
Then we have
γℓ(F)≪ ℓp
1/2 log p (10)
for each integer l ∈ {2, 3, . . . , p− 1} and
C(F) ≥ (
d
2
− 1) log2 p− log2 ((d− 1) log2 p). (11)
The family size equals
F =
pd − p
dp
.
Proof Let a be a k-th root of unity and S(a,m) denote
S(a,m) =
1
k
∑
t=1
kaχ(m)t.
Then we have
S(a,m) =
{
1 if χ(m) = a,
0 if χ(m) 6= a.
10
Now we estimate g(F ,W,M,D, I) as follows.
g(F ,W,M,D, I) = |{n : 1 ≤ n ≤M, (ei1,n+d1 , . . . , eiℓ,n+dℓ) = W}|
=
M∑
n=1
ℓ∏
j=1
S(aj, fij (n+ dj))
=
M∑
n=1
ℓ∏
j=1
1
k
k∑
tj=1
(ajχ(fij (n+ dj)))
tj
=
1
kℓ
k∑
t1=1
· · ·
k∑
tℓ=1
at11 · · · a
tℓ
ℓ
M∑
n=1
χ(fi1(n+ d1))
t1 · · ·χ(fiℓ(n+ dℓ))
tℓ
=
M
kℓ
+
1
kℓ
k−1∑
t1=1
· · ·
k−1∑
tℓ=1
at11 · · · a
tℓ
ℓ
M∑
n=1
χ(fi1(n+ d1)
t1 · · · fiℓ(n+ dℓ)
tℓ)
≤
M
kℓ
+
1
kℓ
k−1∑
t1=1
· · ·
k−1∑
tℓ=1
∣∣∣∣∣
M∑
n=1
χ(fi1(n+ d1)
t1 · · · fiℓ(n+ dℓ)
tℓ)
∣∣∣∣∣
Now consider the polynomial
f(n) = fi1(n + d1)
t1 · · ·fiℓ(n+ dℓ)
tℓ .
We will show that it is not a k-th power of a polynomial over Fp. We can write f as follows
f(n) = (n + d1 − βi1)
t1
pd−1
p−1 · · · (n+ dℓ − βiℓ)
t1
pd−1
p−1
for some βi1 , . . . , βiℓ ∈ Fpd\Fp and Tr(βij) = 0 for all j ∈ {1, 2, . . . , ℓ}. Then linear terms (n + d1 −
βi1), . . . , (n+dℓ−βiℓ) are distinct to each other. So it is enough to show that the power of each component
is not divisible by k. And this holds as we have t1, . . . , tℓ < k and gcd(k,
pd−1
p−1
) = 1.
By applying Weil Theorem to the inner character sum we obtain
g(F ,W,M,D, I)≪
M
kℓ
+ ℓp1/2 log(p),
and by substituting this into Definition 3 we complete the proof of (10).
Next we prove the bound (11). Before this we note that family size equals the number of irreducible
polynomials over Fp since they all produce a distinct sequence in F . So we have
F =
pd − p
dp
. (12)
Now we estimate
g(F ,W, F, 0, I) = |{n : 1 ≤ n ≤ F, (ei1,n+d1, . . . , eiℓ,n+dℓ) = W}|
=
F∑
n=1
ℓ∏
j=1
S(aj , f ij (n)) =
F∑
n=1
ℓ∏
j=1
S(aj , fn(ij))
11
Similar to the proof of (10) we have
F∑
n=1
ℓ∏
j=1
S(aj, fn(ij)) ≤
F
kℓ
+
1
kℓ
k−1∑
t1=1
· · ·
k−1∑
tℓ=1
∣∣∣∣∣
F∑
n=1
χ((i1 − βn)
t1
pd−1
p−1 · · · (iℓ − βn)
tℓ
pd−1
p−1 )
∣∣∣∣∣
≤
F
kℓ
+
1
kℓ
k−1∑
t1=1
· · ·
k−1∑
tℓ=1
∣∣∣∣∣∣∣∣
F∑
β∈F
pd
\Fp,Tr(β)=0
nonconjugate
χ((i1 − β)
t1
pd−1
p−1 · · · (iℓ − β)
tℓ
pd−1
p−1 )
∣∣∣∣∣∣∣∣
≤
F
kℓ
+
1
kℓ
k−1∑
t1=1
· · ·
k−1∑
tℓ=1
1
dp
∣∣∣∣∣∣
F∑
β∈F
pd
\Fp
χ((i1 − β)
t1
pd−1
p−1 · · · (iℓ − β)
tℓ
pd−1
p−1 )
∣∣∣∣∣∣
Since Tr(β) = 0 and gcd(k, p
d−1
p−1
) = 1, the polynomial inside the character sum is not a k-th power. Thus
by Weil Theorem we have
g(F ,W, F, 0, I)≪
F
kℓ
+
1
dp
[(ℓp− 1)pd/2 + p],
and so by Definition 3 we have
γ◦(F) ≪
1
dp
[(ℓp− 1)pd/2 + p]. (13)
Therefore by using (12) and (13) we obtain that
C(F) ≥ log2
F
max1≤ℓ≤log
2
F γ◦ℓ (F)
≥ (
d
2
− 1) log2 p− log2 ((d− 1) log2 p)
as desired. 
VI. CONCLUSION
Pseudorandom sequences are used in many practical areas and their quality is decided by statistical
test packages as well as by proved results on certain measures. In addition to that, a large family of
good pseudorandom sequences in terms of several directions is required in some applications. In this
paper we studied two such measures the f -complexity, and the cross-correlation measure of order ℓ for
family of sequences on binary and k-symbols alphabet. We considered two families of binary sequences
of Legendre-symbols
F1 =
{(
fi(n)
p
)p−1
n=1
: i = 1, . . . , p− 1
}
for irreducible polynomials fi(x) = xd + a2i2xd−2 + a3i3xd−3 + · · ·+ ad−2id−2x2 + adid and
F2 =
{(
fβ(n)
p
)p−1
n=1
: β ∈ Fpd\Fp and nonconjugate
}
for fβ(x) = (x−β)(x−βp) · · · (x−βp
d−1
). We show that the families F1 and F2 have both a large family
complexity and a small cross-correlation measure up to a rather large order. Then we proved the analog
results for the family of sequences on k-symbols alphabet, and constructed a good family of k-symbols
sequences.
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